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Introduction

Recently, the application of soil bio-
-engineering methods in various fi elds of 
science is being widely considered. This 
interest dedicated to alternative ecologi-
cal solutions derives from the fact that 
these measures are generally cost effec-
tive. One of the applications of soil bio-
-engineering is slope stabilisation with 
vegetation or other organic materials. 

It has been shown that the presence of 
vegetation on slopes and dunes improves 
their stability by increasing the shear 
strength of the soil (Preti & Giadrossich, 
2009; Stokes, Atger, Bengough, Four-
caud & Sidle 2009; Rees & Ali, 2012). 
There are two main factors through 
which roots infl uence soil strength: me-
chanical root reinforcement; soil desatu-

ration, which is a direct consequence of 
evapotranspiration. Roots and soil form 
a composite which works similarly to 
concrete and steel; soil and concrete 
have compressive strength, and steel and 
root have tensile strength.

In recent decades, several experi-
ments have been carried out and allowed 
a deeper insight into the mechanical be-
haviour of soil–root composite subjected 
to various loading conditions (Wu, 1976; 
Waldron & Dakessian, 1981; Oper-
stein & Frydman 2000; Osman & Barak-
bah, 2000; Ghestem, Veylon, Bernard, 
Vanel & Stokes, 2014). Furthermore, 
some models have been developed, and 
provide a theoretical description and 
numerical modelling of some processes 
typical for the soil-root composite (Wu, 
1976; Pollen & Simon, 2005; Dupuy, 
Gregory & Bengough, 2010; Schwarz, 
Lehmann & Or, 2010; Wan, Xue, 
& Zhao, 2011; Świtała, Askarinejad, 
Wu, & Springman, 2018). However, due 
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to the fact that problems involving roots 
in the soil are complex (partial soil sa-
turation, evapotranspiration, interactions 
between soil particles and roots, vario-
us external factors), better recognition 
and deeper understanding is required. 
Therefore, it is crucial to develop new 
paradigms, further develop existing con-
stitutive models, and carry out additional 
laboratory tests on soil–root composites. 
Obtained information will enable more 
accurate modelling of the impact of ve-
getation on slope stability.

The research presented in this paper 
presents some elements of the extension 
of an existing constitutive model for gra-
nular soils called Nor–Sand (Jefferies, 
1993) for soil–root composites. Prelimi-
nary studies focus on the model deve-
lopment, implementation into MATLAB 
and testing its sensitivity to defi ned val-
ues of new model parameters.

Basic assumptions 
of the Nor–Sand model

The Nor–Sand model is formulated 
in the critical state soil mechanics frame-
work (Roscoe, Schofi eld & Wroth, 1958) 
and follows the same principles as ori-
ginal Cam–Clay (Roscoe & Schofi eld, 
1963). However, Nor–Sand can be vie-
wed as an elasto-plastic bounding sur-
face model (Fern, 2016), which permits 
modelling the peak strength as a conse-
quence of dilatancy rather than solely as 
a yielding point. The critical state is mo-
delled as a nil dilatancy and nil change 
in dilatancy state according to following 
equation:

: 0p
d

DD  (1)

where:
D – is the dilatancy;

p
d  – deviatoric plastic strain. 

The model is characterized by two 
surfaces: yield surface and maximum 
yield surface which is the bounding sur-
face. The critical state criterion (Eq. 1) 
has been divided into two components, 
namely D = 0 and / p

dD , whic cor-
respond to the aforementioned yield 
surfaces.

The Nor–Sand model was developed 
from Nova’s stress–dilatancy fl ow rule 
(Nova, 1982) expressed as follows:

' 1M N D  (2)

in which:
N – dilatancy;
' / 'q p  – effective stress ratio (q and 

p' are stress invariants, namely deviatoric 
and mean effective stress);
Mθ – critical state stress ratio, which is a 
function of the Lode’s angle θ.

For the case when N = 0, the above 
equation has the form identical to the 
Cam–Clay stress–dilatancy rule (Roscoe 
& Schofi eld, 1963).

Nor–Sand utilizes the concept of the 
state parameter (Ψ), which was propo-
sed by Been and Jefferies (1985). The 
parameter allows simple identifi cation 
of the current soil state with respect to 
the critical state according to following 
equation:

Ψ = e – ecs (3)

where:
e – void ratio;
ecs – critical state void ratio.

State parameter takes negative val-
ues for dilative sands, positive for con-
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tractive sands and null if the specimen is 
in the critical state.

The shape of the yield surface in the 
model is given by Equation 4 and is de-
pendent on the value of N:

1'' 1 1

N
N

i

M pF N
N p

 

for N > 0  (4)

' 1 ln
'
ipF M
p

 (5)

In Equations 4 and 5 pi denotes the 
image pressure, which is an equivalent 
expression of the preconsolidation pres-
sure pc in the Cam–Clay model. The 
value of this variable determines the size 
of the yield surface and corresponds to 
the mean effective pressure at its sum-
mit (in the critical state, when p' = pi = 
= pi,max. This scalar variable can be used in 
the modelling of soil hardening or soften-
ing, depending on the changes of the 
state parameter (Ψ). Changes in the 
image pressure are dependent on the plas-
tic deviator strain increments p

dd .
Nor–Sand can be seen as a bounding 

surface model. The bounding surface is 
called the maximum yield surface. The 
size of this surface can be assessed based 
on the dilatancy characteristics of the 
material. The size of the maximum yield 
surface is determined by the value of the 
maximum image pressure (pi,max). Jeffer-
ies (1993) postulated that the hardening 
and softening rate are proportional to the 
distance between actual and maximum 
stress state, which are defi ned on the 
yield surface and maximum yield sur-

face, respectively. Hardening or soften-
ing in Nor–Sand is dependent on the in-
crement of the plastic deviatoric strain. 
This proportionality is defi ned by the 
hardening modulus (H). The hardening 
rule can be defi ned in its simplest form: 

,max
d
d
i

i ip
d

p H p p  (6)

Figure 1 illustrates the concept of the 
hardening and softening, which is im-
plemented in the Nor–Sand model. The 
yield surface defi nes the boundary of the 
elastic region, whereas the maximum 
yield surface indicates the state which 
stress strives to achieve. Figure 1a shows 
the case when maximum yield surface is 
bigger than yield surface (i.e. pi < pi,max) 
and we deal with the hardening. The 
case presented in Figure 1b corresponds 
to the softening and maximum yield sur-
face smaller than actual yield surface 
(i.e. pi < pi,max).

The maximum image pressure is de-
pendent on the dilatancy characteristics 
of the given material and on the value of 
the parameter N and can take the follow-
ing forms:

1

,max
min1

'

N
Ni

tc

p ND
p M

 for N > 0

 

(7)

,max minexp
'

i

tc

p D
p M

  (8)

where:
Dmin – minimum value of dilatancy;
Mtc – stress ratio in triaxial com-
pression.
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Equations 7 and 8 indicate that in or-
der to defi ne the maximum image pres-
sure, it is necessary to defi ne minimum 
dilatancy, corresponding to the given im-
age condition. Therefore, the image state 
parameter has been introduced (Ψi). This 
parameter can be explained as the state 
parameter (Ψ), corresponding to the giv-
en image pressure (pi). Furthermore, the 
following conditions can be defi ned:

min i
tc

MD
M

 (9)

where: χ – dilatancy coeffi cient.

' ii c p pe e  (10)

The description of a material in the 
elastic state is considered isotropic in 
the Nor–Sand model. It can be defi ned 
by two parameters, namely Poisson’s ra-
tio (ve) and shear modulus (Ge), which 
depends on the mean effective pressure. 
Therefore, it is also possible to defi ne the 
bulk modulus (Ke).

'
n

e

ref

pG A
p

 (11)
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e
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e
K G  (12)

in which:
A – shear modulus constant;
n – shear modulus exponent;
pref  – mean reference stress.

In conclusion, the Nor–Sand model 
was developed based on the main as-
sumptions of the critical state theory. It 
has two yield surfaces, because of which 
it is possible to refl ect numerically the be-
haviour of normally consolidated, dense 
sand, which, under shearing, exhibits 
limited compaction followed by dilation. 
What is important, decoupling of the two 
critical state conditions, given by Equa-
tion 1, is possible without the modifi ca-
tion of the consistency condition. The in-
corporation of the state parameter in the 
model enables capturing stress–strain 

FIGURE 1. Hardening and softening concepts in the Nor–Sand model (after Fern, 2016)

a b
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characteristics of the sand with different 
densities and subjected to different mean 
effective stresses, having only one set of 
parameters for the considered material. 
The Nor–Sand model provides a solid 
foundation for the further development 
of more complex models for granular 
soils, such as sand–root composite. 

Extension of the model 
for soil–root composite

The extension of the Nor–Sand mod-
el for granular soils containing roots is 
based on the coupled hydro-mechanical 
model for soil with roots (CHMR, an ex-
tension of the modifi ed Cam–Clay) de-
veloped by Świtała (2016) and Świtała, 
Askarinejad, Wu and Springman (2018). 
In this paper, only mechanical root re-
inforcement is taken into consideration. 

The CHMR model allows also taking into 
account partial saturation of the soil and 
the evapotranspiration phenomenon.

The modelling of the soils containing 
roots requires consideration of the pro-
gressive activation of the root strength, 
proceeding with increasing strain until 
the maximum strength is reached. At this 
moment roots start to break. Further in-
crease of strains results in reaching the 
residual phase. The shear strength of the 
soil–root composite is presented in Fig-
ure 2.

Strains, which are responsible for the 
mobilisation of the soil–root composite 
strength are called activation strains and 
are defi ned as a sum of volumetric (εv)  
and deviatoric (εd) strains (Świtała et al. 
2018). The increment of the activation is 
defi ned as:

dεr = dεv + dεd  (13)

FIGURE 2. An illustration of changes in deviatoric stress and volumetric strain, depending on the level 
of the root activation strain (own studies)
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In the extension of the Nor–Sand mo-
del for soils with mechanical root reinfor-
cement, it is necessary to introduce addi-
tional parameters, which are dependent 
on the type of the plant and root content 
in the soil mass. These parameters allow 
the defi nition of the degree of soil–root 
reinforcement and, resulting from that, 
level of expansion of the initial and max-
imum yield surfaces. The description of 
the parameters is as follows:
– ini

rm  (initial root mass in the root zone) 
represents the fraction of the soil–root 
composite mass. If the characteristics of 
the root architecture are known, it is pos-
sible to account for changes of the root 
mass with depth. Furthermore, the va-
lue of ini

rm  governs the size of the initial 
yield surface (Eqs. 14 and 15).
– Rp (extended Nor–Sand constituti-
ve parameter) defi nes the degree of the 
mechanical root reinforcement and is 
responsible for the size of both initial 
and maximum yield surfaces. The value 
of this parameter depends on the plant’s 
characteristics. The highest values are 
reached for the plants with the strongest 
roots, i.e. for trees and larger shrubs, 
whereas the lowest values are for grasses 
and herbs.
– e (void ratio) infl uences the level of root 
pull-out of the soil. If the shear deform-
ation contributes to the soil compaction, 
the volume of pores decreases, causing 
shrinkage of the volume available for 
roots. As a consequence, shear strength 
of the composite decreases.

As it was mentioned, the impact of 
the mechanical root reinforcement on 
the soil strength is refl ected in the size 
of the yield surface and maximum yield 
surface. This size is governed by the 
value of the image pressure and maxi-

mum image pressure, respectively. If the 
soil does not contain any roots, the initial 
value of the image pressure can be deter-
mined from the transformed Equations 4 
and 5, depending on N:

1

,
1'

1 1 '

N
N

i ini
N qp p

N N p M

for N > 0  (14)

, ' exp 1
'i ini
qp p

p M

for N = 0  (15)

The presence of the root reinforce-
ment results in the larger initial yield 
surface, due to the fact that the soil–root 
composite has enhanced properties with 
respect to the bare soil. Therefore, an 
additional component of the image pres-
sure can be introduced. This component 
governs the level of the initial enhance-
ment and is dependent on the initial root 
mass of the root zone ( ini

rm ) and on the 
value of the root constitutive parameter 
(Rp). Equations 14 and 15 are, thus, mo-
difi ed in a following manner according 
to the Equations 16 and 17:

for N > 0  (16)

for N = 0  (17)

1

,
1'

1 1 '

exp

N
N

i ini

ini
r p

N qp p
N N p M

m R

, ' exp 1 exp
'

ini
i ini r p

qp p m R
p M
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Furthermore, mechanical root re-
inforcement contributes to the expan-
sion of the maximum yield surface. The 
level of this expansion is dependent 
on the root constitutive parameter (Rp) 
and on the increment of the activation 
strains, defi ned by Equation 13. Involve-
ment of the activation strain is especially 
important due to the fact, that enhanced 
strength of the soil–root composite is a 
function of root mobilisation, which pro-
ceeds with increasing displacement. This 
approach allows omitting the constant 
cohesion approach which is commonly 
used by many researchers, investigat-
ing e.g. the stability of vegetated slopes. 
Equations 7 and 8 have been modifi ed to 
account for strength enhancement due to 
roots’ presence:

for N > 0  (18)

for N > 0  (19)

Due to the fact that pi,max appears in 
the Equation 6, the hardening rule is also 
infl uenced by the root reinforcement.

Sensitivity analyses

The performance of the proposed 
model extension has been tested, mo-
difying a simple MATLAB code devel-
oped by Fern, Robert and Soga (2016). 
Laboratory tests on the sand samples 

containing roots are very challenging, 
due to the fact that it is diffi cult to pre-
pare the sample and assure that applied 
initial conditions will be identical in 
all performed tests. Moreover, plant 
roots are extremely heterogeneous and 
the shape of the root zone may evo-
lve from one sample to another. Fu-
ture work encompasses a series of tria-
xial compression tests on rooted sands. 
Then, the model validation and calibra-
tion will be possible.

The dependence of the simulation 
results on the different values of the mo-
del parameters (i.e. ini

rm  and Rp) is tested 
in the performed sensitivity analyses in 
MATLAB. The material parameters are 
taken from the work of Fern (2016) and 
are listed in the table. Drained triaxial 
compression tests are simulated numeri-
cally. The increment of the applied axial 
displacement is equal to 0.001 m.

The value of the parameter ini
rm  

infl uences the size of the initial failure 

1

,max min' 1

exp

N
N

i
tc

p r

Np p D
M

R e d

min
,max ' expi p r

tc

Dp p R e d
M

TABLE. Material parameters for sensitivity ana-
lysis (Fern, 2016)

Label Symbol Value
Shear modulus constant Ae 2,500 kPa
Shear modulus exponent ne 0.50
Poisson ratio ve 0.20
Reference pressure pref 1 kPa
Critical state effective 
stress ratio M 1.33

Maximum void ratio emax 1.00
Minimum void ratio emin 0.54
Dilatancy parameter N 0.30
Hardening modulus H 200
Dilatancy coeffi cient χ 2.00
Initial void ratio e0 0.85
Initial mean effective 
stress p′0 20 kPa
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surface. In the sensitivity analysis, three 
different values of this parameter are 
considered, namely: 0.2, 0.5 and 1.0%. 
The results are presented in Figure 3. 
The graph shows, that with increasing 
ini
rm , the elastic domain of the problem 

expands. The effect achieved can be 
compared to the preconsolidation, which 
is typical for cohesive soils. The speci-
men can sustain larger loads, resulting in 
the elastic response. This is an effect of 
the root reinforcement.

The infl uence of the root parameter  
is also taken into consideration, keeping 
the initial mass of roots constant ( ini

rm  =
= 0.5%). Four cases are considered, 
namely Rp = 0, 20, 50 and 80.

Figure 4a shows the applied stress 
path and shapes of the yield surface and 
the maximum yield surface for different 
considered values of Rp, plotted in the 
p'–q plane. The major difference is in the 
size of the initial yield surface, which is 
given by Equation 4. Similar to the pre-
vious case, the elastic domain is larger 

with increasing Rp. The size of the maxi-
mum yield surface changes slightly with 
varying root parameter. Figure 4b pre-
sents the response of the deviatoric stress 
to the increasing axial strain. An intere-
sting pattern can be observed, namely in
crease of the peak stress with increasing 
Rp. This behaviour corresponds well to 
the measured response of the soil–root 
composite, subjected to the laboratory 
tests (Zhang, Chen, Lin, Ji & Liu, 2010; 
Ghestem et al., 2014). It is expected that 
the reinforced soil subjected to shear is 
stronger, with increasing level of this re-
inforcement. The strength of the roots in 
the soil, similarly to the strength of the 
steel in the concrete, is being mobilised 
progressively and is dependent on the 
current level of strains. Figure 4c shows 
the evolution of volumetric strains du-
ring the numerical test, with advancing 
axial strain. When increasing root para-
meter, after initial compaction, negative 
volumetric strains which denote dila-
tion, tend to increase. The explanation 
of this effect is straightforward. Sin-
gle roots occupy space available in the 
pores between soil grains. During shear-
ing, the available space decreases, bonds 
between soil particles and roots starts to 
break and organic material is pulled-out 
of the sample. The entire structure is 
disturbed and have a possibility to dilate 
progressively. The fact, that this effect can 
be captured numerically is signifi cant for 
the further model development.   

The theoretical and numerical in-
vestigations on the extension of the Nor–
–Sand model for soils reinforced with 
roots comprise preliminary studies on 
this problem. The model assumes the in-
volvement of two additional parameters, 
which will be directly linked with various 

FIGURE 3. Sensitivity of the size of the initial 
yield surface (Ini YS) to the changes of inimr
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root traits in the future work. The results 
of the sensitivity analyses are promising, 
the model is able to capture the beha-
viour of the soil–root composite subjec-
ted to shear. Modifi cation of the initial 
and maximum image pressure is respon-
sible for the expansion of the elastic do-
main. Moreover, the deviatoric stress, 
which changes with the axial strain, 
exhibits a larger peak and, thus, higher 
strength of the soil–root composite is 
obtained. What is important, progressi-
ve mobilisation of the roots’ strength is 
taken into account, assuring stepwise ac-
tivation of the interactions between soil 
particles and roots. 

Up to date, constitutive models of 
vegetated cohesionless soils do not exist, 
so there is a gap which should be fi lled. 
Therefore, presented studies provide an 
interesting base for the future research 
and further model development. Spe-
cially dedicated and designed triaxial 
tests will enable model verifi cation and 
calibration. 

The right assessment of the stability 
of vegetated dunes or slopes is especial-
ly signifi cant, taking into account more 
conscious application of bioengineering 
methods in different branches of engineer-
ing (Cazzuffi , Cardile & Gioffrè, 2014).
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Summary

Constitutive modelling of root-rein-
forced granular soils – preliminary stud-
ies. A novel solution for the problem of 
modelling of soil reinforced with vegetation 
roots. An extension of the Nor–Sand model 
and its application to granular saturated or 
dry, soil–root composites. Model implemen-
tation in MATLAB: numerical simulations 
of drained triaxial compression tests, investi-
gation of the sensitivity of the solution to dif-
ferent values of model parameters. Captur-
ing the most important features of soil–root 
composites. Accounting for the progressive 
activation of the root’s strength. Indication 
of the ability of further model application to 
large-scale problems, such as slope or dune 
stability.
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